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In contrast to the complex case, the best Chebyshev approximation with respect
to a finite-dimensional Haar subspace V< C(Q) (Q compact) is always strongly
unique if all functions are real valued. However, strong uniqueness still holds for
complex valued functions f with a so-called reference of maximal length. It is known
that this class forms an open and dense subset in C(Q) if the number of isolated
points of Q does not exceed dim V. In this paper, we show that this result also
holds in the space A(Q) of functions, analytic in the interior of Q, if Q satisfies a
certain regularity condition. 1993 Academic Press, Inc.

1. INTRODUCTION

Let f be a continuous function defined on a compact subset Q of the
complex plane C and V an n-dimensional Haar subspace of C(Q), where
C(Q) denotes the space of continuous complex valued functions on Q. We
want to determine a v e V such that

I/ = vl =min || f — w],
we ¥V

where || -| denotes the Chebyshev norm on Q. An important role in charac-
terizing the best approximation v to f play certain subsets of extremal
points of the error curve f —v.

1.1. DEFINITION. Let ge C(Q) and (z, 9)eQ x[—n, +n]. z (as well as
{z, @)) 1s called extremal point of g if

g(z) e =gl
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1.2. DEFINITION. R={(z, ©,) «s (2, @)} €O x [ —7, + 7] is called
reference if

(i) there exist 4,, .., 4,, >0 such that

Y Ae=1 and Y Acetu(z,)=0 forall veV,
k=1

k=1
(1) no proper subset of R satisfies (1).

A reference R is called a reference with respect to f—v, if all (z, )€ R are
extremal points of f—v.

It is known from the Kolmogoroff criterion that v is a best approxima-
tion to f iff there exists a reference R with respect to f —v.

Furthermore each f'e C(Q) has a unique best approximation v and the
length |R| of a reference R with respect to /' — v satisfies

n+1<|R €2n+1.

The number |R| is closely related to strong uniqueness, which is very
important for numerical algorithms.

1.3. DEFINITION. The best approximation v to f is strongly unique if
there is a real number r > 0 such that for each we V

lf—=wl=lf—vll+riv—w].

If the best approximation v is not strongly unique then |R| <n+ 1 in the
real case and |R| < 2n + 1 in the complex case [4, Thm. 27]. However, if the
Haar condition is satisfied then |R|>n. Hence, in the real case the best
approximation is always strongly unique. This is in contrast to complex
approximation, where functions can be found with less than 2»n extremal
points of f — v [5, Chap. 4] and so v is not strongly unique [2].

The aim of this paper is to describe the density of functions with strongly
unique best approximation: Can we find a function g for fixed fe C(Q)
with strongly unique best approximation such that |/ — g|| is arbitrarily
small?

Blatt proved in [1] that this question can be answered in the affirmative
if @ has at most n isolated points. To formulate Blatt’s theorem we need
the following notation.

Let feC{Q) and veV be its best approximation. We denote by
m(f):=min{|R|: R reference with respect to f—uv}. Furthermore, for
ke{n+1,.,2n+1} we set

Toe={fe(Q):m(f)=k}.
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1.4. THEOREM (Blatt [1]). (i) T,,,, is an open subset of C(Q).
(ii) T, is dense in C(Q) iff Q has at most n isolated points.

The terms “open” and “dense” in Theorem 1.4 refer to the topology
generated by the Chebyshev norm.

However, it remained open whether an analogous result holds if only
analytic functions are considered instead of the whole space C(Q).

For abbreviation, let

A(Q) :={fe C(Q) : f analytic in the interior of Q}
H(Q) := { fe C(Q) : f analytic in a neighbourhood of @}
P(Q):={feC(Q): f polynomial on Q}.

The purpose of this paper is to show that T,,,, n P(Q) is dense in 4(Q)

if Q has at most n isolated points and satisfies a certain regularity condition
[5]. This regularity condition reads as follows:

1.5. DefFINITION.  The compact set Q satisfies the condition (*), if the
complement C\Q is connected and if to each point z, of the boundary ¢Q
of Q there exists a continuous function ¢: Q\{z;} - R and a constant
7 >0 such that

P(O\{zo}) = [—7 +7]

and

1.6. ExampLes. (a) Let Q be compact with connected complement. If
for each z,e€dQ there exists Yye[—=n, +n] and J,>0 such that for
0<d8<d,

o+ de™ € C\Q,

then (*) holds.
(b) If Q is a compact spiral around the origin, for instance

Q={e """:1=20}u {0},

then (*) does not hold.
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2. THE MAIN THEOREM

2.1. THEOREM. Let Q comply with (*) and let V< A(Q). Then the
Sfollowing statements hold:
(1) T,,. 1" A(Q) is an open subset of A(Q).
() Ty, " P(Q) is dense in A(Q) if and only if Q has at most n
isolated points.

To prove Theorem 2.1 we need the following two lemmas. The first one
will be shown in Section 3. The second one is part of Blatt’s proof of his
Main Lemma [1, pp. 163-166].

2.2. LeMMa. Let Q comply with (*), fe H(Q), ¢>0. Furthermore, let
m,reN, rzm, z,, .., 2,,€ 0Q, and yg, .., y,,€ C\{0}, as well as additional
points z,, ., ... 2, € Q. The points z,, ..., z, are pairwise distinct.

Then there are a function g € A(Q) and open neighbourhoods U, ..., U, of
Zg, s 2y SUCh that the following properties hold:

(1) gz )=y, for k=0, ., m
(1) g(z)=0fork=m+1,.,r
(iii) For k=0,...,mand ze (Qn UM\ {z: }:
(ay 1f(2)+ 1&g <|f(z) +18(z,)| and
(b) g2l <lglzpl
(iv) Forze Q\UY_o Us: lglz)| <&

2.3. LemMa (Blatt [1]). Let ve V be the best approximation to f € C(Q)
with

R= {(21’ (01)3 s (zm7 (Pm)}

as reference with respect to f —v, m<2n. If Q has at most n isolated points
then to each ¢ >0 there exists a reference

ﬁ = {(205 @0)’ ey (zm’ (ﬁm)}
with length m+ 1 and zoe Q\{z,, .., z,,} such that for j=0, .., m
(f=v)z)—e P f—vll<e

Proof of Theorem 2.1. (i) follows from Theorem 1.4(i). A proof that in
(ii) the limitation of the number of isolated points is necessary can be
found in [1] and in [S5]. To prove the sufficiency let Q have at most n
isolated points. Fix fe A(Q)n T,,, m< 2n, with best approximation ve V
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and reference R= {(z,, ¥ ), s (Zsms ¥.,)} With respect to f—ov. First we
want to show that f can be approximated uniformly by elements of
T,, 1N AQ).

Fix ¢> 0. Since f, ve A(Q) we conclude by the maximum principle for
analytic functions that z,, .., z,,€ dQ. Applying Lemma 2.3 we obtain a
reference

R = {(ZO, (p())’ ey (‘:m’ (pm)}

with length m + 1 such that for k=0, .., m

&

I(f—v)(:k)—e”"“"’llf*vl!l<8- (1)

We observe that 0Q has at most # isolated points because this is true for
Q. Moreover, the point z, can be chosen as a boundary point of Q. Hence,
we may apply Lemma 2.2 to z, ..., Z,,.

First we show that there exists /€ A(Q) such that

(F—olz)=e @l f=v| for j=0,..m, 2)

I(f =)@ < If =l for zeQ\{zo, 2}, (3)

7=l <e (4)

Hence ||f —v| =||f—v| and the set of extremal points of f —v consists

exactly of the points z,, ..., z,,. Using (i), (ii) and (iii}(b) of Lemma 2.2,
there exists a function g, € 4(Q) such that for j=0, .., m

£ ) .
g‘(z"):<l “ZM) (e I f—vll = (f —0vi)z)) (3)
and

lgill= max |g(z)l]
J=0,.. m

We may assume that ¢ <4| f— v||. Thus due to (1)
&
Il <. (6)

Let

&
Rl D —v I 7
I; ( 4”f_v“)(f o)+ g ™
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then f, € A(Q) and

1Al < 1S =l =2, (8)
Az =1 =l = )
3
Ifi+o=1l <ge. (10)

Property (9) is obvious, (8) and (10) are consequences of (6).
Since the complement of Q is connected, Mergelyan’s Theorem [3]
yields f, e P(Q) with

ufl—fzusf—G. (11)

Furthermore, we may assume that the following interpolation conditions
hold [6, Chap. XI, Thm. 1]:

Loz = f1lze) for k=0,..,m. (12)

Now, by Lemma 2.2 we obtain g,e A(Q) and open neighbourhoods
Uy, ..y Uy, Of 2, ..., 2,,, such that for k=0, .., m

& .
gz =g, (13)

o+ g < flzl + gzl for ze(Qn UMz}, (14)

lg2(2)) < 182(z4)) for ze(QnUN\{z}, (15)
|g2(z)|<1—86 for zeQ\U U,. (16)
k=0
Consequently,
g2l = (17)

Let f:=f,+v+g,. We shall show that f satisfies (2)-(4). First, for
j=0,.,m
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f(z —vlz) = folz)) + ga2)

=f1(:,)+ze”"“” (by (12) and (13))

£ . £
={1- e | f—v|+-=e ' (by(5)and (7
( 4“f_v“) If=vli+7 (by (5)and (7))
=e | f—ul.
Therefore, f satisfies (2). To prove (3), let ze Q\{z,, ..., 7,,} and consider

the following two situations.

Case 1. There is an index je{0,..,m} with zeU,: Then (9),
(12)-(14) yield

(T =) < 1£22)] + [ £2(2)]
<120+ 182(5))]

=lf1(zj)|+z

£ ¢
=If~vl Z 2
=[f—uvl.

Case 2. ze Q\U]_, U;: Then

I(f = 0)) = [£1(2) + fo(2) — f1(2) + ga(2)]
SIAL+ 12 =Ll + 1221

R

=/ =vll,

where the inequalities (8), (11), and (16) were applied. Hence, (3) is true.
Using (17), (10), and (11),

If=fli=lf-v~fat fafi+fi+v—~fl
<lgall + 1= Fill+ 11 +o =11

s+£+3 <
Sitietge<®

and (4) is proved.
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From (2) and (3) we conclude that R is a reference with respect to
f—vand fe T, .,,. Iterating this method, we construct feT,,,, with
| f— fl <e. Hence A(Q)NT,,,, is dense in A(Q). On the other hand,
T,,,, is open and P(Q) is dense in A(Q) by the Theorem of Mergelyan.
Hence, P(Q)N T,,,, is dense in A(Q) and the theorem is proved.

3. PrOOF OF LEMMA 2.2

Due to condition (*) there exists for any ke {0, .., m} a continuous
function

e O\{z )~ R

and y > 1 such that

. n
zp=|z—z,] €, |‘P(3)|<Z“r'

for ze Q\{z;}. Now we define on Q\{z,} a branch of the logarithm by
log(z —z,) :=log(]z — z,|) + ip(z). Obviously, log(z—z,) is continuous
and single-valued on Q\{z,} and analytic in the interior of this set.
Furthermore, let us define

gulz)i=elm T for ze O\ {zd]
and
gr(z) :=0.
Then for z€ 0\ {z,}
G(z) = ez =2y gio)y

=|z—z,] 1y g (2}

with ¥ (z) e (—n/4, +=/4). Since lim. , _, ¢,(z) =0, we conclude ¢, € A(Q).
For k=0, .., m we define

pe)= I] (=z) [l G-z)

=4

=3
~
+
x>
~.
I
3
+

and for p>0

m

2) = 2i(2) yi
gg(k) ’ kgo Pi(2)+ 0pil(z,) qu(z)
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Next, we show that there exists a ¢,>0 such that for all ¢ =g, each
polynomial

Pilz) 4+ opi(z,) q(2)

has no zeroes in Q—hence g,€ A(Q)—and the statements (i)-(iv) of
Lemma 2.2 hold for g,. The proof is rather lengthy. Therefore we present
it in several steps and start with two remarks which can easily be shown.
Then we prove two estimates for the denominator g,.

3.1. Remark. Leta, beC\{0}, a:=argb—arga. Then |a|+|b] cosa<
la+ b].

3.2. Remark. Let a,c,deR, a>0, ¢>0, y>1. Let the function
@: [0, ) — R be defined by

a

®(x) =

1 +cx”"+dx’

then there exists 4 > 0 such that @(x) < a for all xe (0, ).

3.3. LeMMa (Local Estimate of the Denominator). There exist pairwise
disjoint neighbourhoods V,, ...V, of zg,.., 2z, such that for ¢>0 and
ze Q NV, the following inequality holds:

1Pu(2) + epa(zi) gul2)| Z | pl2)] + 2| pilz0)| 1g4(2)] cos 3.
Moreover, the neighbourhoods can be chosen such that

Ve {zpmirs oz, } =&  for k=0,.,m

Proof. Let ke{0,..,m}. Due to p.(z,)#0 we have an open
neighbourhood V, of z, such that for ze V,

n
larg p,(z,) —arg p(z)| <§-

Vs, ., V,, can be chosen to be pairwise disjoint. If z=z,, then the
inequality holds, since ¢,(z,)=0. If zeQ@nV,, z#z,, we use Remark 3.1
with a := p,(z), b :=9p,(z,) q(z). Then

larg(b) — arg(a)l < |arg( pi(z,)) — arg(p(2))| + larg(q.(z))| < §n
and hence

cos(arg(b) —arg(a)) >cos in
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and

la+b| > |al + |b| cos 3n.

3.4. Lemma (Global Estimate of the Denominator). Let R>0 and
6>0. Then there exists a § >0 such that for ¢ = ¢ and any ke {0, ..., m}

[2u(2) +epiz) g2 Z R Jorall zeQwith|z—z,|20.

Proof. Set

- R+ maxgg <, max .o |p,(2)l

(m]n()sjsm |Pj(zj)|)(mm0s1<m mlnl:*:,l?é ICI,(Z)‘)

Then 0 < g < o0, and for ¢ = § we have

[ Pi(2) + 0pi(zi) qi(2)]
Z —|pu(2) + 0| pulzi) 1qa(2)]

2 —|lp(2)+ R+ max  [p(2)|
zeQ,j=0,..m

=R

Proof of Lemma 2.2. We prove that the function g, which was defined
above satisfies the conditions of Lemma 2.2. Choose V, ..., V,, according
to Lemma 3.3, >0 with {zeQ||z—z,|<d}cV, for k=0,..,m and
¢ =, according to Lemma 3.4, where R=1. Let o= ¢, and z€ Q.

Case 1. : lies in one of the V,: Then by Lemma 3.3,
[ Pe(2) + oPilzi) q4(2)1 Z 1 po(2)] > 0.

Case 2. z¢\U%_o Vi. Then by Lemma 3.4,

[p(2) +opulz) qul2) ZR=1.

Hence in both cases the denominator is different from zero. The statements
(i) and (ii) hold obviously. We show (iii) for z,: Given an fe H(Q), ze V,,
z#29, 020, Fix M :=max{|yol, .., | ¥,nl }. We write g instead of g,. Due
to Lemma 3.3 and Lemma 3.4 we have
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| polz)]
[ Po(z) + @polzo) golz )]

19 < ol
.. “ H;‘:l.j#k\z_zj”yk‘
ez L ) T o) 442

[ pol2)]
| polz)| + @ cos 37| po(z0)l 1go(2)]

< | yol

+lz—zol M Y [T ==zl

k=1 j=1,j#k

Using
1£(2)) <1 £ (zo)l + 12 — 2o f_(_):__ilL) ,
we get
L f(2) + lg(z)
< S (20)l +18(zo)| (1 'l + 0 cos > x| 2oAZ0) |q0(.~),)
/ 8 1 pol2)
+|Z—Zo|(M§: I:[ Z—zj|+fl?_3{_{(_zi))
k=1 j=1j#k 21—z,
< 1f(20)] +18(20)] R —— T dylz — zo),
where
CQ:::ei&%{\Q ppoo((";o)) Q\COS%ﬂ:>0
and

J(z2)— f(z0)

-
i )

dy:= sup (M Y Il lz—zl+

revon @ k=1 j=1j#k

)<

With a = |g(z,)|, ¢ =¢g and d = d; we determine a d,> 0 (3.2) such that for
0<|z—2z4 <9y

1

3=+ dolz — 2| <lglzo)l.
1+ colz—zo) ™7

|g(z0)l
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Determining analogously 4, ..., d,, >0 and setting
Ui ={zeVi||z -z, <8;} (k=0, .. m)

we have proved (iii)(a).

Obviously, we can prove (iii)(a) for a finite number of analytic functions
/. getting the U, as intersections of open neighbourhoods of z,. Admitting
a second function f, =0, we have shown (iii)(b). To prove (iv) we define

1
Ri=(m+1)M max |pz)|-
z€eQ,k=0 &

and choose a 6 >0 such that {ze Q|z—z,] <} = U,. Due to 3.4 there is
¢, >0 such that for ze Q\U?_, U, and p >0,

m | pel(2)]
<M
lg(z)l < ;4::0 | pi(2) + opiulzi) qil2)]
o | pel2)l

<M
R

k=0
&
S (m+ )M

N

M

k

IRask

=&,

@0 ‘=max{g,, ¢,} complies with the statements (i) to (iv).
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